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ABSTRACT

The objective of this work was to develop the foundation for an 
interactive corrosion risk management tool for assessing the 
probability of failure of equipment/infrastructure as a function 
of threats (such as pitting corrosion and coating degradation) 
and mitigation schemes (such as inhibitors and coatings). The 
application of this work was to assist with corrosion manage-
ment and maintenance planning of equipment/infrastructure 
given dynamic changes in environmental conditions. Markov 
models are developed to estimate pitting damage accumula-
tion density distributions as a function of input parameters for 
pit nucleation and growth rates. The input parameters are se-
lected based upon characterization with experimental or field 
observations over a sufficiently long period of time. Model pre-
dictions are benchmarked against laboratory pitting corrosion 
tests and long-term atmospheric exposure data for aluminum 
alloys, obtained from the literature. The models are also used 
to examine hypothetical scenarios for the probability of failure 

in pipeline systems subject to sudden, gradual, and episodic 
events that change the corrosive conditions.

KEY WORDS: corrosion, Markov, model, Monte Carlo, pitting 
damage

INTRODUCTION

The objective of this work was to formulate the basic 
methodology for a probabilistic analysis tool to as-
sist with corrosion risk management of equipment/
infrastructure that is subject to dynamic corrosive 
degradation processes and mitigation schemes. We il-
lustrate the use of the tool for analyzing two contrast-
ing cases:

—pitting corrosion risk assessment of high-
strength aluminum alloys

—leak probability as a result of pitting corrosion 
in a carbon steel pipe

Risk assessment, for example, in aging airplanes, 
involves estimating the size of pits that can act as 
initiation sites for corrosion fatigue cracks. We for-
mulate the foundation for a predictive methodology to 
estimate pit depth size distribution in high-strength 
aluminum alloys, such as AA7075 (UNS A97075)(1) 
and AA2024 (UNS A92024), used in aerospace ap-
plications. The predictive methodology is also applied 
to an oil pipeline subject to internal pitting corrosion, 
and examines the corrosive behavior for various pipe-
line corrosion scenarios. The methodology may be 
extended to equipment and infrastructure made from 
other materials for prediction of the reliability and 
useful lifetime of the equipment/infrastructure, given 
dynamic changes in its operating conditions.
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MODEL DEVELOPMENT

Figure 1 illustrates the main processes in pitting 
corrosion (right column) and the inputs (left column) 
needed by models to simulate the processes.1-3 Models 
require a pit birth rate and growth rate. Ideally, both 
rates should be functions of the metal-environmental 
conditions. Both metastable and stable pits should 
be simulated. This study only considers stable pits 
that have reached a critical depth that will sustain pit 
growth.4 Future work will consider modifications to 
the proposed models to include metastable pits and 
repassivation.

Markov analysis is used to define a methodology 
for simulating pitting corrosion. Both Markov chain 
process (MCP) solution procedures and Monte Carlo 
(MC) simulations are conducted. The first step of the 
Markov model is to predict the number of pits that 
initiate on a sample specimen, as well as their initia-
tion times in a given time window. Based upon litera-
ture data sets5-7 of pit density as a function of time, 
we pose an expression for the average number of pits 
over a reference area in a nonhomogeneous Poisson 
model for pit initiation. Once a pit is initiated, the 
Markov model is used to determine the propagation 
of pit depth over time. Expressions for the pit growth 
rate are based on general power laws, discussed in 
the literature.8 Such laws attempt to describe pit 
growth behavior as a function of ohmic effects, charge 
transfer, mass transport, corrosive conditions, mate-
rials, flow rates, type of the flowing substance (gas, 
oil, water), etc., or a combination of these effects. In 
particular for high-strength aluminum alloys, it has 
been suggested that pit growth can be controlled by 

the rate of cathodic reactions occurring in intermetal-
lic particles.9-11 Several of the different pit growth laws 
may be embedded in the pit growth rate expression 
to capture time-dependent transitions in the growth 
process. Hence, the flow of the Markov process is 
straightforward and consistent with the temporal flow 
of the physical processes in pit initiation and growth.

Using a Markov chain process,12-19 we formulate 
differential equations for probability distributions of 
a population of pits being in a defined set of corroded 
states. Each state represents a specific pit depth. Pit 
growth is assumed to occur in discrete jumps from 
an array of n possible states. The transition rates be-
tween states are based upon the general power laws, 
discussed above. By adjusting these transition rates 
between states, we represent the dynamic corrosive 
and mitigation conditions to which the metal is sub-
jected. The transition rate models used here are flex-
ible and capable of accommodating a wide range of 
corrosive and mitigation scenarios.

This nonhomogeneous Markov chain model for  
pit growth is combined with the nonhomogeneous 
Poisson model for pit initiation. The result is an ex-
pression for the cumulative distribution function 
(CDF), which defines the probability that the maxi-
mum pit depth is less than or equal to state i.

Once the CDF is determined either by MCP or 
MC, the probability mass function for each state 
(pit depth) is calculated along with mean maximum 
pit depth and variance over time. Both MCP and 
MC calculations for pit size distribution are bench-
marked against real pit depth data sets, represent-
ing short-time laboratory and long-term atmospheric 
corrosion scenarios, obtained by profilometery and 

FIGURE 1. Overview of stages of damage accumulation in aluminum alloys (Wei1 and Williams, et al.2-3). 
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optical microscopy.5,12-13 To illustrate the fl exibility of 
the approach, the models are also used to examine 
hypothetical scenarios for the probability of failure 
in pipeline systems subject to sudden, gradual, and 
episodic events that change the corrosive conditions. 
For the model development that follows and for later 
reference, we summarize key model parameters and 
outputs in Table 1.

Pit Initiation Model
For a metal surface, we assume the surface has 

been tessellated into an appropriate grid. Each local 
section of the grid is characterized by its own pit den-
sity (number of pits per area) distribution. We focus 
on a single section of interest on the metal surface. 
Based upon experimental data plots of pit density vs. 
time (see References 2 and 3 for several examples), it 
appears that pit density increases in time according to 
profi les that vary from exponential to linear distribu-
tions over time. It is our general observation that pit 
density initially increases over time, reaches a maxi-
mum, and then may decrease as a result of pit coales-
cence.5,11 Hence, we assume the average number of 
pits, measured over a reference area in the section of 
interest, over time is modeled as:

 
APAPA D(t) = A

µ
1 – e–µt⎡⎣⎡⎣⎡ ⎤⎦⎤⎦⎤+ νt

B

 
(1)

Here, the parameters A, μ, ν, and β will generally be 
constants, though it is conceivable that they could 
depend upon time. The latter case allows for the pos-
sibility that pit initiation rates can transition as a re-
sult of changing environmental conditions.

Using Equation (1), we defi ne the probability that 
the average number of pits, N(t), at time t is m pits by 
a nonhomogeneous Poisson initiation process:

 [ ] [ ]= =[ ]= =[ ]Pr [ ]N([ ][ ]t)[ ][ ]m[ ][ ]= =[ ]m[ ]= =[ ] 1
m!

[ ]AP[ ][ ]D([ ][ ]t)[ ] em – APD– APD– A (t )

 
(2)

This process is chosen for two reasons:

—The Poisson process is the simplest distribution 
used to simulate the initiation of discrete events.

—The mean value for the Poisson distribution as 
defi ned in Equation (2) is APD(t).

Hence, we establish Equation (1) as the average 
number of pits over time for the proposed nonhomo-
geneous Poisson initiation process. The latter reason 
plays a critical role in the solution procedure that fol-
lows. Through various assumptions in the solution 
procedure, ultimately, we shall only need the expected 
value of the probability distribution for the average 
number of pits.

We note that our proposed pit initiation model 
differs from others in the literature. In particular, we 
recognize the extensive work by Caleyo and Valor15-16,20 
in the area of developing combined pit initiation/
pit growth models using Markov analysis. Those in-
vestigations used a Weibull distribution for the pit 
initiation. Both their proposed distribution and ours 
requires the selection of fi tting parameters to estab-
lish the increase in the number of pits over time. 
These parameters can be chosen based upon a match 
with measured data sets of pit density, or to simu-
late hypothetical pit initiation rates. An advantage 
of the proposed pit initiation model over the Weibull 
distribution is that choosing the fi tting parameters in 
Equation (1) is more intuitive. For example, to simu-
late a situation where the number of pits increases 
linearly with time, one sets A = 0 and β = 1.

Finally, we acknowledge the pit initiation model 
comprehensively developed by the Hudson and Scully 
group.21-26 Their model is based upon a transition to 
pitting corrosion from the spatiotemporal interactions 
of metastable pits that lead to a single metastable 
pitting event autocatalytically enhancing the prob-
ability of subsequent events. The spatial effects are 
accounted for through local changes in aggressive 
species concentration, potential drop, and oxide fi lm 
damage. The result is an event generation rate based 
upon a combination of measurable environmental 
factors and some fi tting parameters. Spatial and en-
vironmental factors are missing from the proposed 
equation for APD(t). These are to be included in the 
next iteration of our pit initiation model.

Pit Growth Model
To establish a pit growth model for a popula-

tion of pits, we closely follow the work of Valor and 
coworkers.15-16,20 Where appropriate, we highlight the 
differences between our approach and theirs. The 
Markov chain process concept for pit growth is to 
discretize the metal thickness into n states of equal 
thickness C. The continuous pit depth D(t) is replaced 
by this discrete set of states, where D(t) ∼ C(i − 1) 
with i denoting a particular state, i = 1, 2, . . . , n+1. 
State 1 corresponds to the uncorroded metal. State 
2 describes pits of depth C, and the fi nal state n + 1 
represents failure. Here, failure is defi ned as through 

TABLE 1
Model Parameters and Outputs

     Equation
 Variable      Description Number

 A, μ, ν, β  Parameters for the number of pits  (1)
 u  Time at which a pit nucleates  (5)
 D(t)  Pit depth  (5)
 b  Power law exponent for pit depth  (5)
 C  Discretized metal thickness  (5)
 i  State of pit depth  (5)
 λi  Transition rate between states  (6),(8)
 Pi(t)  Probability of being in state i  (3),(9)
 θi(t)  Cumulative distribution function for the (12),(18),(19)
  probability that the maximum pit depth
  is less than or equal to state i 
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thickness pit penetration. Let Pi(t) be the probability 
of pit depth being in state i at time t, and λi(t) be the 
probabilistic transition rate to move from state i to 
state i + 1. The transition rate may be related to the 
pit growth rate.20,27 In this study we examine general 
models for λi(t) and a specifi c model for λi(t) with the 
mathematical structure λi(t) = α(t)i. For all cases, we 
only consider stable pit growth. We have neglected 
the possibility of metastable pits that may repassivate 
immediately after nucleation, or grow for a short time 
and then repassivate. It has been shown that sepa-
rate pit depth models may be required to distinguish 
stable pit depth distributions from metastable distri-
butions.28-29 We note that the Monte Carlo model de-
veloped by Murer and Buchheit27 includes both stable 
and metastable pits.

Under the above defi nitions, the overall MCP is 
governed by a system of ordinary differential equa-
tions defi ning the transition from state to state:

 

dP
dt

t P t

dP
dt

t tidPidP
i it Pi it P

1dP1dP
1 1t P1 1t P( )t( )t – (1 1– (1 1) (t P) (t P1 1) (1 1t P1 1t P) (t P1 1t P )

( )t( )t – (i i– (i i) (i i) (i it Pi it P) (t Pi it P ) (t t) (t ti) (it tit t) (t tit t1) (1t t1t t) (t t1t tt t) (t t–t t) (t t

=

= +– (= +– (

– (λ– (

λ λt Pλ λt P t tλ λt ti iλ λi it Pi it Pλ λt Pi it P– (λ λ– (i i– (i iλ λi i– (i i) (λ λ) (t P) (t Pλ λt P) (t P) (λ λ) (i i) (i iλ λi i) (i it Pi it P) (t Pi it Pλ λt Pi it P) (t Pi it P ) (λ λ) (t t) (t tλ λt t) (t t= +λ λ= +t t= +t tλ λt t= +t t= +λ λ= +t P= +t Pλ λt P= +t Pi i= +i iλ λi i= +i it Pi it P= +t Pi it Pλ λt Pi it P= +t Pi it P– (= +– (λ λ– (= +– (i i– (i i= +i i– (i iλ λi i– (i i= +i i– (i i) (= +) (λ λ) (= +) (t P) (t P= +t P) (t Pλ λt P) (t P= +t P) (t Pi i) (i i= +i i) (i iλ λi i) (i i= +i i) (i it Pi it P) (t Pi it P= +t Pi it P) (t Pi it Pλ λt Pi it P) (t Pi it P= +t Pi it P) (t Pi it P t t) (t t= +t t) (t tλ λt t) (t t= +t t) (t t) ()) () ), , ,...,P t) (P t) ( n) (i 1) () (P t) (i 1) (P t) () (–) (P t) (–) (i 1) (–) (P t) (–) ( 2 3, ,2 3, ,for i =
 

(3)

The probability of being in state n + 1 is Pn+1(t) = 1 − 
Σn

i=1 Pi(t). This system of equations is subject to the 
initial probability distribution of pit depths being in 
each state. For example, if the metal begins in an un-
corroded state, then P1(0) = 1 and Pi(0) = 0, i = 2, 3,…, 
n + 1. Here, one can follow the corrosion of a popula-
tion of pits and predict the probability distribution of 
the pits being at a certain depth over time. In another 
scenario, the metal of interest, say the aluminum skin 
of a plane, may initially be in an arid environment. 
Pits develop under this condition. If the plane is then 
stationed in a more tropical environment, the initial 
pit depth distribution in the tropical environment is 
taken as the fi nal distribution from the arid environ-
ment. The pit transition rates are adjusted for the 
tropical environment to predict the future probability 
distribution of pit depth. As shown below, for a given 
environment, the depth distribution of multiple pits 
will be modeled. Further, we will show how environ-
mental history is captured via fi tting parameters that 
defi ne the transition rates λi(t).

Next, we propose two models for the transition 
rate λi(t) from state to state. We provide a description 
for the motivation behind the proposed rates. How-
ever, the ultimate justifi cation for the proposed transi-
tion rates will be showing that the results we obtain 
for pit depth distribution over time, using these rates, 
are consistent with experimental and fi eld observa-
tions.

To motivate the models for transition rate, we 
begin with an accepted power law model8 for the pit 
depth, D(t) = a(t − u)b, where u is the time at which 
a pit initiates, and a and b are parameters defi ning 

the rate of the pit growth. Generally, a and b are con-
stants. However, these may be functions of time to ac-
count for changing environmental conditions and/or 
materials microstructure.11 Allowing these to change 
with time keeps the mathematical format of the power 
law. Given the defi nitions of the discrete thickness C 
of the metal layers and the transition rate λi(t), there 
are continuous and discrete expressions for the pit 
propagation rate that we assume are approximately 
equivalent:

 
≈ ≈≈ ≈ λ

dD
dt
C

di
dt

i  
(4)

In the above, the fi rst expression represents the con-
tinuous rate at which the pit depth propagates from 
state to state. This is approximately equal to the sec-
ond expression for the discrete rate of moving from 
state to state, which is then connected to the transi-
tion rate λi(t) from state to state. Integration of Equa-
tion (4) leads to approximate equivalencies between 
continuous and discrete expressions for the pit depth:

 ∫= ≈ ≈ λ∫≈ λ∫ τ τD(t) a(= ≈a(= ≈t)= ≈t)= ≈(t= ≈(t= ≈– u= ≈– u= ≈) C= ≈) C= ≈ (i – 1) C∫) C∫≈ λ) C≈ λ∫≈ λ∫) C∫≈ λ∫ ( )τ τ( )τ τdτ τdτ τb() Cb() C= ≈) C= ≈b(= ≈) C= ≈t )) Ct)) C= ≈) C= ≈t )= ≈) C= ≈ i –1
u∫u∫
t

 (5)

Using these expressions and approximating C by 
D(
Using these expressions and approximating C by 
D(
Using these expressions and approximating C by 

t)
Using these expressions and approximating C by 

t)
Using these expressions and approximating C by 

i –1, we obtain:

 

λ i–1 =

dD
dt
D

(i –1) =

b(t)
t – u

+
ʹ′a (t)

a(t)
+ ʹ′b (t) ln(t – u)

⎡

⎣⎢
⎡
⎢
⎡

⎣⎢⎣

⎤

⎦⎥
⎤
⎥
⎤

⎦⎥⎦
(i – 1) = α(t)(i – 1)

 

(6)

Solving the relationship a(t)(t − u)b(t) ≈ C(i − 1) in 
Equation (5) for t − u, and then substituting this ex-
pression for t − u into Equation (6):

λ i–1 =

b(t) C
a(t)
⎛
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(7)

where 0 < b < 1. In cases where a and b are constants 
or a ́ and bʹ  are suffi ciently small in magnitude, this 
can be simplifi ed to:

 
λ i–1 =

b C
a
⎛
⎝
⎜
⎛
⎜
⎛
⎝
⎜
⎝

⎞
⎠
⎟
⎞
⎟
⎞
⎠
⎟
⎠

–1/b

(i –1)1/b (i –1),     i = 2,3,...,n +1
 

(8)

Therefore, we have provided motivation for two ex-
pressions for λi. In Equation (6), λi fi ts the format λi 
= α(t)i, where α(t) is the expression in brackets. The 
other transition rate expression for λi, given by Equa-



1118 CORROSION—NOVEMBER 2014

TECHNICAL ASPECTS OF THE RISK MANAGEMENT OF CORRODIBLE SYSTEMS

tion (8), does not fi t this format. It is important to dis-
tinguish whether or not the expression for λi fi ts the 
format λi = α(t)i, because under this format the MCP 
Equation (3) can be solved analytically.30 Outside this 
format, one must solve the equations numerically. 
Since we have proposed two transition rates, one that 
fi ts the format and one that does not, we outline the 
solution of the MCP Equation (3) for each scenario.

For the case λi = α(t)i, we restrict to the initial 
conditions P1(u) = 1 and Pi(u) = 0, i = 2, 3,…, n + 1 for 
pits that initiate at time u. Hence, the analytical solu-
tion for Equation (3) becomes:30

 = ρ ρP (t) exp[= ρexp[= ρ– (= ρ– (= ρ t)](1 – exp[– (ρ– (ρ t)])P (iP ( i–1  (9)

where:

 ∫ρ = α τ τ =(tρ =(tρ =) (∫) (∫ρ =) (ρ = α τ) (α τ)d ln[D(t)] – ln[D(u)]
u∫u∫
t

 (10)

In the latter expression, we have used 
dD
dt
D

 = α(t) from 
Equation (6).

Equation (10) illustrates the singularity associ-
ated with the b

t – u term in the expression for α since 
D(u) = 0. To alleviate this singularity we adjust the 
singular term to the form 

�+
b

t – u  where � is small. We 
note that for other initial conditions an analytical so-
lution also exists.20 In the case that P1(u) = 0, the sin-
gularity does not exist because the pits are assumed 
to have some fi nite depth at the onset so that D(u) ≠ 0.

Analytical solutions are not available when λi does 
not follow the λi = αi format. Here, we present results 
obtained either through numerical solutions of the 
governing differential Equation (3) or through MC sim-
ulations. The numerical approach is also benchmarked 
against the analytical solutions for the λi = αi scenario.

In summary, this study uses a single Markov 
growth model with both the �-adjusted Equation (6) 
for λi together with the analytical solution (Equation 
[9]), as well as the Equation (8) for λi with numerical 
simulations of system (Equation [3]) or MC to simu-
late pit growth scenarios. The former expression for λi 
allows for the use of the analytical solutions that are 
restricted to the λi = αi model. The use of Equation 
(6) differs from other investigations,20 where Equation 
(10) is used only for P1(u) = 0 scenarios, while ρ = D(t) 
is used when P1(u) = 1. Given the logarithmic expres-
sion for ρ, a value for parameter a in the defi nition 
D(t) = a(t−u)b is not needed. Hence, the only input to 
the MCP model is an expression for b. This expres-
sion may either be a constant, representing constant 
corrosive conditions, or a function of time to simulate 
changing corrosive conditions. In this situation, ex-
pressions for the probabilities Pi(t) will be calculated 
using the analytical expression in Equation (9). How-
ever, Equation (8) allows for more complicated struc-
tures for λi that may be used to simulate repassivation 
or other growth situations where transitions from 

state to state depend strongly on depth. Here, numeri-
cal simulations are conducted.

Combined Pit Initiation/Pit Growth Model
Next, we develop the combined pit initiation/pit 

growth model. Given that m pits are generated in (0, t) 
at times uj, for j = 1,…m, then the cumulative distri-
bution function, θi(t), for the probability that the maxi-
mum pit depth is less than or equal to state i is:

 

∑θ =
∞

(tθ =(tθ =) (∑) (∑θ =) (θ = probability tobability tobabilit hat m pits per area have

initiated by time t) (×) (× probability tobability tobabilit hat each pit
is in a state less than or equal to i, giveniveni that

there are m pits that have initiated)

iθ =iθ =
m 0=m 0=

 

(11)

The former probability is defi ned in Equation (2). 
The latter probability is established in steps by fi rst 
determining the probability, F(t, i; uj), that a pit is in 
a state less than or equal to i. Given the probability, 
Pk(t; uj), of a pit being in a certain depth state, defi ned 
by the solution of Equation (3), we have F(t, i; uj) = ∑

k 1=k 1=

i
), of a pit being in a certain depth state, defi ned 

i
), of a pit being in a certain depth state, defi ned 

Pk(t; uj). Since F(t, i; uj) depends upon the initiation 
time uj, then one must account for all possible distri-
butions of initiation times. For this purpose, we intro-
duce the joint density of initiation times given m pits, 
f(u1, u2, …, um|N(t) = m). We do not provide an explicit 
form for f(u1, u2, …, um|N(t) = m), because this is not 
needed in the solution procedures outlined below. 
Nevertheless, using these defi nitions of the probabili-
ties in Equation (11), we do defi ne the general expres-
sion for the cumulative distribution function, θi(t), for 
the probability that the maximum pit depth is less 
than or equal to state i as:

 

θi

ut

m

j

t N t m

F t i u

m

( )t N( )t Nt NPrt N[ (t N[ (t N ) ]t m) ]t m

( ,F t( ,F t ; )j; )ji u; )i u

–

= =t N= =t N t m= =t mt NPrt N= =t NPrt N[ (= =[ (t N[ (t N= =t N[ (t N t m) ]t m= =t m) ]t mt N= =t N ∫∫∑t N∑t N∑t N∑t Nt N= =t N∑t N= =t N
=

∞

�
0∫0∫0∫0∫

0

1

1

f du d�u d�1u d1 duu dduu d m

j

m
u

=

∏∫
1

0∫0∫
2

 

(12)

Because of its complexity, Equation (12) is not used 
in this most general form to calculate θi(t). Rather, 
we fi rst use the kinetic Monte Carlo method, as de-
scribed next, to compute the complete Equation (12) 
without approximation and without an explicit form 
for f(u1, u2, …, um|N(t) = m). Once the Monte Carlo 
simulations are complete, we provide an approximate 
expression for Equation (12) in Equation (19) that fol-
lows. This approximate expression is used with the 
Markov chain approach to also calculate θi(t). These 
calculations with the approximate expression are sig-
nifi cantly faster, seconds vs. hours, than the Monte 
Carlo simulations. The Monte Carlo and Markov chain 
results are compared to justify the use of the approxi-
mate expression for Equation (12).

Monte Carlo Simulations — To compute Equation 
(12) without any conceptual approximation, we use 
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the kinetic Monte Carlo method described in Prados, 
et al.31 The kinetic Monte Carlo method allows us to 
simulate the development of the pits chronologically. 
Pits are initiated stochastically according to our non-
homogeneous Poisson process at a rate derived from 
Equation (1). As new pits initiate, each existing pit 
grows stochastically according to the Markov model 
with transition rate, λi(t). There are no requirements 
on the analytical form of λi(t).

Specifi cally, in the MC method, we fi rst derive the 
probability distribution of waiting times for pit initia-
tion. It is well known that if the Poisson process were 
homogeneous and characterized by a constant rate of 
c events per unit time, then the waiting time between 
events is exponentially distributed with mean 1/c. 
For our case, the nonhomogeneous Poisson process is 
characterized by the time-dependent mean Equation 
(1). Hence, we defi ne the number of pits initiated per 
area in the time interval (t1, t2) as:

 
g(t1, t2 ) =

A
µ

e–µt1 – e–µt2⎡⎣⎡⎣⎡ ⎤⎦⎤⎦⎤+ ν t2
β – t1

β( )
 

(13)

Note that APD(t) = g(0, t). Defi ne the waiting time, γt, 
to be the time from t to the next pit initiation. Then, 
the cumulative distribution function (CDFW) of the 
waiting times can be written as:32
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(14)

In the Monte Carlo simulation, pits are initiated as 
follows. The fi rst pit initiation time, u1, is a random 
sample from the CDFW Fγt(x; 0). The second initiation 
time, u2, is a random sample from the CDFW Fγt(x; u1). 
One continues in this fashion until the predetermined 
stopping time, tstop, is reached. The result is a set of 
simulated initiation times u1, …, um < tstop, which fol-
low the nonhomogeneous Poisson process with the 
time-dependent mean Equation (1). Note that for a 
fi xed value of tstop, the number, m, of initiated pits is 
random and different for each simulation iteration. 
The expected value of m is E(m) = APD(tstop).

Next, each of the initiated pits grows stochasti-
cally in depth according to the Markov model with 
transition rate, λi(t), according to the algorithm devel-
oped by Prados, et al.31 We defi ne the residence time 
of the jth pit, τi

(j), to be the time the jth pit spends in 
state i. The simulation of pit growth is performed as 
follows. All the initiated pits start in state 1. For the 
fi rst pit, initiated at time u1, the algorithm generates 
τ1

(1) by numerically determining τ1
(1), such that: 

 ∫ χ χ
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where U is a random sample from the uniform(0,1) 
distribution. This means that the fi rst pit grows from 

state 1 to state 2 in the time t = u1+τ1
(1). Then τ2

(1) is 
generated using:

 ∫ χ χ
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(16)

where U is a random sample from the uniform (0,1). 
One repeats this process for τ3

(1), τ4
(1), … until tstop is 

exceeded. Simulation then moves on to the growth of 
the second initiated pit (initiated at u2), generating τ1

(2), 
τ2

(2), … until tstop is exceeded. This process repeats for 
all initiated pits.

At the completion of one iteration, which includes 
the initiation and growth stages for each pit, the 
simulation has generated {uj, τ1

(j), …, τkj
(j)} for the jth pit 

(1 ≤ j ≤ m). Note that kj is the maximum state reached 
by the jth pit before tstop, and is different for each pit. 
Therefore, for each pit, one determines Sj(t), the state 
of the jth pit at time t, 0 < t ≤ tstop. For this single it-
eration, the maximum pit depth at time t can be cal-
culated as MPD(t) = max(S1[t], …, Sm[t]).

Repeat the iteration process and let MPDl(t) be 
the maximum pit depth at time t, generated by 
the lth iteration. This simulation scheme is iterated 
1,000 times, recording the pit initiation times and 
growth paths for each pit. We compute the empirical 
cumulative probability that the maximum pit depth is 
less than or equal to state i by determining the pro-
portion of MPDl(t) values below i as

 
∑

θ =
≤

=ˆ (t)
I(MPD [t] i)

1,000
i

l
l 1

1,000

 
(17)

where I denotes the indicator function, whose value 
is 1 if the inequality is true. It is known31 that the 
empirical distribution function θ̂i(t) converges to θi(t), 
defi ned in Equation (12), for all t, as the number of 
iterations approaches infi nity.

A drawback of the MC simulation is the computa-
tion time. Typically, the computations, outlined above, 
require several hours. Hence, in the next section, we 
propose a simplifi cation scheme—Equation (19) for 
the cumulative distribution function, θi(t)—that re-
duces the computation time to seconds. The results 
from Equation (17) are compared with results from 
Equation (19) to justify the use of the approximate 
Equation (19).

Simplifi cation Schemes for the Cumulative Distribu-
tion Function, θi(t) — Because of its complexity, several 
simplifi cation schemes have been used for the compu-
tation of θi(t) as defi ned in Equation (12). First, Hong15 
used an MCP model where λi was assumed to be the 
same constant for all i. Under this scenario, Equation 
(12) was reduced analytically to:

 

θi (t) ≈ Pr[N(t) = m] 1
t

F(i,t;u)du
0

t

∫0∫0( )
m=0

∞

∑
m

 

(18)
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The expression 
1
t∫

t

0
F(i, t; u)du can be interpreted as a 

replacement for the iterated integrals in Equation (12). 
This replacement is the expected value of the prob-
ability that the pits are in a state less than or equal 
to i, regardless of the initiation times of the pits. Here, 
the probability that each of the m pits is in a state 
less than or equal to i is identical for each pit. We do 
not use Equation (18) in the calculations that follow. 
Rather, we use a different simplifi cation scheme that 
is outlined next.

Our proposed simplifi cation scheme for Equation 
(12) also replaces the iterated integrals in Equation 
(12) by mean value expressions. Further, the pit ini-
tiation process, defi ned by Equation (2), is replaced 
by its mean, Equation (1). In other words, the pits are 
now initiated deterministically according to Equation 
(1). This conceptual simplifi cation signifi cantly re-
duces the complexity of Equation (12). Therefore, the 
cumulative probability that the maximum pit depth is 
less than or equal to state i is:

 

θi (t) ≈ Pr[N(t) = m] F(i, t;E(u j))
j=1
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Here E(·) denotes the expected value of the expression, 
and the fl oor function is used to obtain an integer 
value for the number of pits. Hence, from Equations 
(1) and (2), we have E(N[t]) = APD(t). Further, the ex-
pected time, E(uj), for the initiation of the jth pit is 
determined as the solution of the algebraic equation 
APD(E[uj]) = j.

The advantage we gain by using Equation (19) is 
that the computation time is reduced to seconds, even 
when conducting numerical simulations of Equations 
(3) for Pk(t; uj). In the “Discussion” section, we demon-
strate the numerical equivalence between results ob-
tained through MC simulations using Equation (17), 
and those obtained through MCP computations using 
Equation (19). Equation (19) for the cumulative prob-
ability distribution will be used in the MCP solution 
procedure for the remainder of this study.

Statistics of the Pit Depth Distribution
Regardless of the approach used to calculate θi(t), 

we use θi(t) to calculate the frequency distribution of 
pit depth. The probability mass function, PMF, for 
state i is given by:

 = θ θPMF(i,t) –i iθi iθ–i i– –1  (20)

Hence, one can now calculate the state at which the 
mean maximum pit depth (MMPD) occurs:

 
∑= ×∑= ×∑MMPD(t) i P= ×i P= × MF(i,t)
i 1=i 1=

n

 
(21)

and the variance:
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Predictions for the mean maximum pit depth and 
variance, using the above expressions multiplied by 
the width C of the states, will be presented in the re-
sults section to follow.

RESULTS AND DISCUSSION

Benchmark the Model Against Short-Term 
Laboratory Data

We present the use of the combined pit initia-
tion/pit growth model to simulate pit initiation and 
the mean maximum pit depth for pitting corrosion in 
steel coupons placed in water, according to the ex-
periments conducted by Rodriquez  and Provan.12-13 
This data set has been studied several times in the 
literature15-16 and so allows us to benchmark our ap-
proach against the other investigations. In those pre-
vious investigations and in ours, one must fi rst set 
the number of states in the Markov model. We elabo-
rate on the infl uence of the number of states later 
in this manuscript, and for now select 100 states, 
consistent with previous investigations. Hong15 uses 
a constant value for λ together with Equation (1) (A = 
0) for the number of pits. Valor, et al.,16 use ρ = D(t) 
and a Weibull distribution for the number of pits. We 
use the �-adjusted Equation (6) for λ and Equation (2) 
for the number of pits. All three approaches select 
model parameters through curve fi ts to the mean 
maximum pit depth data in Rodriquez and Provan.12-13 
As discussed in Valor, et al.,16 their approach pro-
vides excellent agreement to both the mean maximum 
pit depth and variance data, while Hong’s approach 
matches to the mean maximum pit depth, but does 
not match well with the variance.

Figure 2 shows a comparison of the mean maxi-
mum pit depth and variance computed by our MCP 
procedure (b = 0.09172, � = 0.001562, ν = 0, A = 
1,590,000, and μ = 1,000) with the Rodriquez  and 
Provan data. Similar to Valor, et al., we too obtain ex-
cellent agreement with both the mean maximum pit 
depth and the variance because the parameters of the 
model were chosen to fi t the data. Further, our predic-
tions for the number of pits also agree with Valor, 
et al., with both models predicting development of 
1,590 pits per area in less than one day. We comment 
that our approach for this data set uses λ = �+

b
1,590 pits per area in less than one day. We comment 

b
1,590 pits per area in less than one day. We comment 

t – u . 
Rodriquez and Provan use the somewhat similar ex-
pression λ = γ + γ

+ γ κ

(1γ +(1γ + t)
1 t+ γ1 t+ γ  and obtain excellent agreement to 

both the mean maximum pit depth and variance. 
However, they provide no justifi cation for their choice 
of λ nor do they provide a physical interpretation for γ. 
Finally, the results in Figure 2 were obtained using 
the analytical solution Equation (9). We also obtained 
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solutions using numerical simulations of Equation (3) 
for the same data inputs as listed above. The analyti-
cal and numerical solutions were practically identical.

Figure 3 shows a comparison of results from the 
Monte Carlo and Markov chain process simulations 
for the probability mass function for the maximum pit 
depth. The excellent agreement between the two ap-
proaches provides some verification that the simplifi-
cations made in the cumulative distribution function, 
Equation (19), lead to reasonable results.

Benchmark the Model Against Long-Term 
Atmospheric Exposure Data

We present the use of the combined pit initia-
tion/pit growth model to simulate pit initiation and 
the frequency distribution of pit depth where the 
metal is exposed to time-varying environmental con-
ditions. Elola, et al.,5 conducted field observations 
over 48 months where aluminum alloy (AA)1050 
(UNS A91050) panels were exposed to the atmosphere 
for 1, 1.5, 3, 6, 13, 24, 36, and 48 months at differ-
ent sites. Climate and level of pollutants varied over 
time at each location. For example, Figure 4 displays 
measured levels of surface-active sulfur at one of the 
exposure sites. In general, Elola, et al.,5 state that pol-
lutant and salinity levels tended to decrease over time 
for the 48 months of exposure. Hence, we assume 
that corrosive conditions changed from more aggres-
sive to less aggressive states over this time period. We 
now illustrate the use of the Markov model to simu-
late this dynamic change in corrosive conditions. Both 
MC and MCP are conducted. However, different forms 
of λi are used in each simulation to contrast results 
based upon the choice of λi.

First, establish the pit initiation model. Data pro-
vided previously5 suggest that the measured number 
of pits in the aluminum panels increased linearly over 
time for the 48-month period. Using Equations (1) and 
(2), we set A = 0 and β = 1 to simulate this linear be-

havior of the number of pits with time. The parameter 
ν is chosen based on a curve fit with the number of pit 
density data from Elola, et al.5 Figure 5 shows a com-
parison between the data and the curve fit.

FIGURE 2. Comparison of mean maximum pit depth (MMPD) 
and variance (standard deviation [SD]) computed by the MCP 
procedure with experimental data from.12-13

FIGURE 3. Comparison of Monte Carlo (MC) and Markov chain 
process results for the probability mass function for the maximum 
pit depth. The model input parameters are the same as those used 
to generate Figure 2.

FIGURE 4. Measured levels of surface active sulfur over time at 
an exposure site.

FIGURE 5. Comparison of model computations of pit density with 
experimental observations.
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Next, we establish the pit growth model. Based 
on the decrease in corrosive conditions over time, dis-
cussed in Figure 4, we propose the pit depth model 
atb(t), where b(t) = 1

c c+c c+ t1 2c c1 2c c+c c+1 2+c c+ . This functional form imitates 
the sub-linear decrease in time seen in the fi gure. 
Using the curve fi t for the mean maximum pit depth 
found in Elola, et al.,5 as a guide (the curve fi t was 
approximately 16t0.26), we propose using Equation (8) 
in the form λai = 

20
approximately 16t

20
approximately 16t

i
1–b

b
, where b(t) = 
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b(t) decreases from 0.33 to 0.244 over time. This 
drop in the value of b simulates the change from ag-
gressive to less aggressive corrosive conditions and, 
hence, the decrease in the power law growth rate of 
the pit depth.

A comparison between the mean maximum pit 
depth computed by our MC and MCP approaches, and 
that computed by Elola, et al.,5 is shown in Figure 6. 
Here, we used the λai expression described above in 
the MC simulations, and λbi = �+

b
t – u . i with b = 0.229 

and � = 0.007729 in the MCP solutions. The different 
choices for the defi nition of λi were made because the 
latter fi ts the format allowing for use of the analytical 
Equation (9) while the former does not. Furthermore, 
the former model was designed to capture more of 
the dynamic changes in the environmental conditions 
than the latter.

Figure 6 shows that the MCP results (with λbi) 
for mean maximum pit depth agree with Elola, et al., 
over all time, while the MC results (with λai) agree 
with Elola, et al., for long-term data, but differ in the 
short time. The Monte Carlo short-term results fol-
low the power law 5.51t0.33, while the Elola model fol-
lows 16t0.26. Even though we have a larger power law 
exponent, 0.33, the smaller value, a = 5.51, puts our 
predicted curve below Elola, et al., for the short term. 
Nevertheless, all three curves for mean maximum pit 
depth show relatively the same results.

On the other hand, Figure 7 displays a compari-
son of the pit depth distribution measured by Elola, 

et al., against predictions from the Monte Carlo (λai = 
20
et al., against predictions from the Monte Carlo (
20
et al., against predictions from the Monte Carlo (
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 procedure and the Markov 

chain (λbi = �+
b

t – u i with b = 0.229 and � = 0.007729) 
procedure. Clearly, the λai model used in the Monte 
Carlo simulation provides a more accurate represen-
tation of the pitting corrosion occurring in this atmo-
spheric exposure case than the λbi model used in the 
Markov chain simulation, even though both models 
gave reasonable predictions for the mean maximum 
pit depth. Hence, different pit depth distributions 

FIGURE 6. Comparison of the mean maximum pit depth of the 
Elola, et al.,5 curve fit to the data, with results computed by Monte 
Carlo simulations and Markov chain solutions for different values of 
the transition rate λi.

FIGURE 7. Comparison of experimental pit depth distribution 
(a) over time5 to pit depth distributions computed by Monte Carlo 
simulations, (b) Markov chain solutions, and (c) for different values 
of the transition rate λi.
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could lead to identical mean maximum pit depth dis-
tributions. Therefore, model predictions need to be 
benchmarked against additional pit depth measure-
ments (beyond just mean maximum pit depth) to 
verify that the model is reasonably capturing all pit 
depth statistics. Further, Figure 7 illustrates that the 
proposed dynamic model for λi is able to provide rea-
sonably accurate predictions of the pit depth distribu-
tion over the entire 48-month exposure period. This 
capability can be used in a probabilistic corrosion risk 
model to determine a risk value for the condition that 
pit depth is between prescribed depths.

Application of the Model to Simulate 
Hypothetical Pipeline Corrosion Scenarios  
for Internal Pitting Corrosion

Details for the following discussion are found 
elsewhere.33 The discussion of the Elola, et al.,5 data 
above illustrates the ability of the proposed Markov 
models to simulate corrosion in time-varying condi-
tions. Given this capability we examine hypothetical 
internal pitting pipeline corrosion scenarios, using 
MCP solutions, to determine the probability of failure 
corresponding to the development of a leak in a pipe 
of given thickness (1-in [25.4-mm] thick steel pipe in 
the examples that follow). We develop a baseline cor-
rosion situation (constant corrosive conditions over 
time) for the pipe. We discuss a variety of changes to 
the baseline case in response to several hypothetical 
scenarios:

—uncertainty in the number of pits
—a sudden increase in aggressiveness of the cor-

rosive conditions
—a gradual increase in corrosive conditions
—episodic changes in conditions

For example, we compare responses to increasing 
carbon dioxide (CO2) content in the production envi-
ronment, causing a gradual increase in corrosive con-
ditions, vs. an episodic event (water slug or failure of 
inhibitor injection), causing rapid changes in corrosive 
conditions over a short period of time. Additional sce-
narios are discussed elsewhere.33 For example, modi-
fication of transition rates λ in time, as a result of 
information from in-line inspection data, is discussed. 
These hypothetical scenarios illustrate the flexibility 
of the proposed model to simulate varying operational 
conditions, as well as to accommodate adjustments 
due to availability of inspection data.

Given that data may not be available for pit den-
sity within a pipe, we pose several hypothetical pit ini-
tiation profiles (using Equation [1]) shown in Figure 8. 
The 50 pits/year model (A = 0, β = 1, and ν = 50) and 
the exponential initiation model (A = 7500, μ = 0.2, 
and ν = 0) were chosen to arrive at the same number 
of pits per area after 30 years, even though the pits 
nucleate at different rates. For discussions that fol-
low, the baseline pit initiation rate will be the linear 
50 pits/year case.

As a baseline corrosion situation, we assume con-
stant corrosive conditions over time, modeled by the 
choice b = 0.33. We also assume that the 1-in-thick 
pipe wall is discretized into n = 100 depth-of-damage 
states. Figure 9 shows the probability of failure, 1 − 
θn(t), given the pit initiation rates displayed in Figure 
8. As expected for fewer pits, the probability of failure 
is smaller. Further, for the same number of pits after 
30 years, the exponential pit initiation rate yields a 
greater likelihood of failure because the pits nucleate 
sooner and can grow more.

In Figure 10, we present the probability of being 
in damage states 20, 50, or 90, which correspond to 
a pit that is about 0.2 in (5.1 mm), 0.5 in (12.7 mm) 
or 0.9 in (22.9 mm) in depth. As discussed above, the 
probability of being in a state decreases with fewer 
pits as shown in this figure. Predictions of the prob-
ability of being in a particular state may be relevant to 
defining maintenance schedules or defining a working 
definition of failure.

One of the input parameters to the model is the 
number of states used in the discretization of the 
1-in-thick pipe. The choice for the number of states 

FIGURE 8. Hypothetical pit initiation rates.

FIGURE 9. Hypothetical pit initiation rate—constant corrosive 
conditions (b = 0.33): influence on the probability of failure defined 
as corrosion through a 1-in-thick pipe.
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will depend upon the accuracy desired for the pit 
depth. For example, if one wants to know when the 
pit depth is within a prescribed depth tolerance, 
then the tolerance will determine the length, C, of 
the discretized states. To examine the infl uence of 
the number of states on the results, Figure 11 shows 
the predicted probability of failure as the number 
of states used in the discretization of the 1-in-thick 
pipe increases. As the number of states increases, the 
value for b also increases. This follows since it is nec-
essarily quicker to reach the next state because of the 
smaller incremental depth of damage between states. 
This is consistent with λi increasing with the decrease 
in incremental depth according to Equation (8). As a 
general rule of thumb we fi nd that if one benchmarks 
the parameter b for a given state width C (say a large 
value of C leading to a coarse discretization into ncoarse 
states), then λi is adjusted according to:

 
λ fine = 1+ b ln nfine
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(23)

as one moves to a fi ner mesh with a larger 557 num-
ber of states, nfi ne. In other words, the parameters, 
such as b, are calibrated once for the data set after C 
is chosen. The parameters do not need to be recalcu-
lated if one chooses to adjust the number of states. 
Rather, the rule of thumb allows one to only adjust 
the original value of λi. This rule of thumb expres-
sion was derived through trial and error. The loga-
rithmic form of the rule appears reasonable given the 
exponential form of solutions, Equation (9), for the 
MCP method. The above discussion on the number 
of states is relevant to the calibration of the model. 
Any baseline confi guration of parameters chosen to 
represent a specifi ed corrosion situation is necessarily 
dependent upon values for both b and C.

Figure 12 shows the sensitivity of the probability 
of failure to slight changes (5%) in the value of b. For 
this particular scenario there is about a 5 year dis-
crepancy in the predicted time to failure as a result 
of the proposed uncertainty in the value of b. Here, 
predicted time to failure is the time at which the prob-
ability of failure is 50%.

Next, we examine three hypothetical scenarios for 
changes in corrosive conditions during the operation 
of the pipe. First, we consider the effect of a sudden 
increase in the aggressiveness of corrosion at year 8 
of operation of the pipeline. This might be because of 
a loss of inhibitor effectiveness or a sudden increase 
in chlorides. We model the increase in corrosion by 
a step change increase in the value of b at year 8, as 
shown in Figure 13. As anticipated, the probability of 
failure increases as a result of the change.

In Figure 14, we examine the effects of a gradual 
increase (in this case a linear increase) in corrosive 
conditions over time. This might be because of water-
cut or souring. Again, as the aggressiveness of the 
corrosive conditions increase, the probability of failure 
also increases.

Finally, we simulate an episodic increase in cor-
rosive conditions as a result of a water slug or inhibi-

FIGURE 10. Probability density function for being in states 20, 50, 
or 90 using the same hypothetical parameter inputs as in Figure 9.

FIGURE 12. Sensitivity of the probability of failure to a 5% change 
in the transition rate between states. The same hypothetical 
parameter inputs as in Figure 9 are used.

FIGURE 11. Sensitivity of the probability of failure to the number of 
states in the Markov model. Here, the probability of transition from 
state to state, λi, is a function of the number of states.
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tor injection failure. We assume the incident occurs 
at either year 3 or year 8 and lasts for 3 months until 
it is corrected (b increases to 1.25b for 3 months and 
then returns to b). For the values of b chosen for this 
simulation, Figure 15 shows there is a slight increase 
in the probability of failure because of  the episode.

CONCLUSIONS

We developed and demonstrated Markov pro-
cess probabilistic analysis tools for corrosion risk 
management capable of accounting for corrosion un-
der dynamic changes in environmental conditions. 
Specifically, we used both MC simulations and MCP  
solution procedures to simulate combined pit initia-
tion and pit growth. The MCP approach offers the 
advantage of faster computational times. These Mar-
kov models are developed to compute pitting damage 
accumulation density distributions as a function of 
input parameters for the pit nucleation and growth 
rates. The input parameters are selected based on 
comparison with experimental or field observations 
over a sufficient period of time. An advantage of the 
proposed models is that the input parameters are 
related to familiar corrosion concepts, such as expo-
nential or linear pit initiation profiles, and power law 
models for pit depth. Hence, selection of the param-
eters may be intuitive.

Our proposed model combines a nonhomoge-
neous Poisson process for pit initiation with a Markov 
process for pit growth. The Markov process is capable 
of including any form of the pit state probabilistic 
transition rate, λi(t). Further, combined model calcu-
lations for the cumulative distribution function, θi(t), 
for the probability that the maximum pit depth is 
less than or equal to state i, may be calculated using 
the complete Equation (12), in the form of Equation 
(17), through MC simulations, or calculated using the 
simplified expression, Equation (19), through MCP 
solutions. We show a comparison of the two results 
in the “Results and Discussion” section. The excellent 
agreement between the two results justifies use of the 
simplified expression.

The proposed model is similar to other Markov 
models for pitting corrosion,12-20 but differs in its pit 
initiation model, as well as the proposed transition 
rate, λi. For example, Hong15 successfully combined 
pit initiation processes with the Markov pit growth 
model, but the initiation process was modeled by a 
homogeneous Poisson process, and λi was taken to be 
the same constant for all states i. Valor, Caleyo, and 
others16-17,20 have mentioned the nonhomogeneous 
Poisson process as a candidate for the pit initiation 
process but chose to use the Weibull distribution. 
Also, their Markov process was restricted to the form 
λi(t) = α(t)i. Finally, none of the research12-20 presented 
earlier detailed a means to calculate the cumulative 
distribution function, Equation (12), for the probabil-

FIGURE 13. Example of a sudden increase in corrosive conditions 
as a result of a loss of inhibitor effectiveness (in year 8) as modeled 
by a step change increase in the transition rate. The same 
hypothetical parameter inputs as in Figure 9 are used.

FIGURE 14. An example of gradual increase in corrosive 
conditions as a result of water-cut or souring as modeled by a linear 
change in transition rate. The same hypothetical parameter inputs 
as in Figure 9 are used.

FIGURE 15. Example of an episodic increase in corrosive 
conditions (at either year 3 or year 8) from a water slug or inhibitor 
injection failure, modeled by a step change increase to b = 0.4125 
in transition rate for 3 months followed by return to normal b = 0.33. 
The same hypothetical parameter inputs as in Figure 9 are used.
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ity that the maximum pit depth is less than or equal 
to state i, from the combined pit initiation/Markov 
pit growth process as presented here. Therefore, to 
the best of our knowledge, this is the first manuscript 
that offers a detailed calculation of the maximum pit 
depth distribution using combined nonhomogeneous 
Poisson and Markov processes. Our final product is 
Equation (19) that allows for fast calculation of θi(t) 
without any restriction on λi(t).

To implement the procedures in a corrosion risk 
management program, one should complete the fol-
lowing:
v Decide on the number of states needed based upon 
the level of accuracy required for determination of 
the pit depth. For example, if a critical pit depth has 
been identified, as well as the accepted tolerance lev-
els around this critical depth, then the width of states 
should be less than or equal to the tolerance level. If 
the number of states needs to be changed, then Equa-
tion (23) provides a guide for adjusting the pit transi-
tion rate between depth states.
v Gather data on the distribution of pit density over 
time and use this information to select parameters in 
the definitions, Equations (1) and (2), of the pit nucle-
ation model to fit the data. Equation (1) provides an 
intuitive model, using basic functions, for choosing 
the fitting parameters.
v Gather data on the pit depth distribution or pit 
growth rate over time and use this information to se-
lect parameters in the definition of the pit transition 
rate between depth states (Equation [6] or [8]) to fit 
the data. Parameters in these equations were shown 
to have an intuitive connection to power law models 
for the pit depth.
v Calculate the cumulative probability distribution of 
being less than a particular depth state over time us-
ing MC with Equation (12) in the form, Equation (17), 
or MCP with Equation (19), and the pit nucleation and 
pit growth rate laws defined in the preceding items.
v Compute a variety of damage accumulation statis-
tics such as mean maximum pit depth and its vari-
ance over time, pit depth distributions over time, and 
probability of corroding to a prescribed critical depth 
over time, using the cumulative probability distribu-
tion.
v Modify pit nucleation and pit growth rate param-
eters to simulate changes in environmental conditions 
to examine hypothetical corrosion scenarios.

Both MC and MCP computations for pit depth 
distribution were benchmarked against laboratory 
pitting corrosion tests and against long-term atmo-
spheric exposure data. In the latter case we demon-
strated the capabilities of the models to account for 
corrosion under time-varying environmental condi-
tions.

Since the input parameters to the models are 
selected upon characterization with experimental or 
field observations over a sufficient period of time, fu-

ture work will fit parameters for a number of different 
materials in varying environmental conditions, to vali-
date the robustness of the models. Ultimately, we en-
vision the development of an interactive tool whereby 
the user adjusts slider bars to set the input param-
eters and establish the baseline corrosion situation. 
Once agreement with baseline data is achieved, then 
hypothetical situations may be investigated to make 
risk assessment and maintenance decisions. For ex-
ample, we examined an internal pitting pipeline corro-
sion scenario and determined the probability of failure 
corresponding to development of a leak. We developed 
a baseline corrosion situation (constant corrosive 
conditions over time) for a steel pipe. We discussed a 
variety of changes to the baseline case in response to 
several hypothetical scenarios:

—a sudden increase in corrosive conditions
—a gradual increase in corrosive conditions
—episodic changes in conditions

These hypothetical scenarios illustrate the flexibility of 
the model to simulate varying operational conditions, 
as well as to accommodate adjustments due to avail-
ability of inspection data.
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31. A. Prados, J.J. Brey, B. Sańchez-Rey, J. Stat. Phys. 89, 3/4 (1997): 

p. 1-13.
32. J. Zhao, “Probabilistic Analysis of Reliability Using Markov Pro-

cesses” (Master’s thesis, The University of Akron, 2014).
33. K.A. McCallum, “Probabilistic Analysis of Pipeline Reliability Us-

ing a Markov Process” (Master’s thesis, The University of Akron, 
2012).


